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Abstract 


We hnd an expression for the effective superpotential describing the Nc vacua of 
SU{Nc) SUSY gluodynamics. The superpotential reduces in some approximation to 
the Veneziano-Yankielowicz expression amended by the term restoring the discrete 
Z 2 n^ symmetry. Moreover, the superpotential, being restricted to one particular 
vacuum state, yields the expression which was derived recently to describe all the 
lowest-spin physical states of the theory. The corresponding scalar potential has no 
cusp singularities and can be used to study the domain walls interpolating between 
the chirally asymmetric vacua of the model. 


Introduction 


Supersymmetric gluodynamics, the theory of gluons and gluinos, seems to be an 
extremely useful testing ground for various nonperturbative phenomena occuring in 
conventional QCD. The Witten index of the SU{Nc) SUSY gluodynamics equals to 
Nc 0. Thus, the ground state of the model consists of at least W different vacua 
parametrized by the imaginary phase of a nonzero gluino condensate i, B- The 
different vacua are related by discrete Z 2 Nc transformations of gluino helds. Once one 
of the Nc vacua is chosen, the Z 2 Nc symmetry group spontaneously breaks down to 
the Z 2 subgroup. As a result of the discrete symmetry breaking one expects to hnd 
domain walls separating the W vacua of the model. 

Recently, Dvali and Shifman found that the N = 1 SUSY algebra admits some 
central extension if domain walls are present in the model [Q, |^. Thus, the domain 
walls saturating the BPS bound for the wall surface energy density might exist in the 
theory §,1. 

There are yet another attractive arguments why BPS domain walls should be 
present in the model. Recently, N = 1 SUSY gluodynamics was realized p as a 
low-energy held theory emerging in a particular brane setup within the M theory 
framework. In that picture the domain walls can be regarded as higher dimensional 
D-branes wrapped around some compactihed dimensions [Q . The D-branes, being ex¬ 
tended objects on which open strings can end in string theories |Q, can also be viewed 
as BPS solitons in corresponding low-energy theories of supergravity [^. Thus, in ac¬ 
cordance with the Witten’s construction the W vacua of SUSY gluodynamics 
should be separated by the BPS domain walls on each of which color hux tubes 
(strings) can end |^. This picture of the vacuum is quite attractive from the theo¬ 
retical perspective as well as from the point of view of lattice simulations of SUSY 
Yang-Mills model where some indirect signatures of this construction could be ob¬ 
served p. 

The most straightforward way to study the vacuum structure would be to hnd 
explicitly the domain wall solutions (for recent reviews see Refs. 0, [10|). For that 


purpose one needs to have an effective action describing the W vacua of the model. 
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The effective action for N = 1 SUSY Yang-Mills (SYM) was proposed by Veneziano 
and Yankielowicz (VY) |^. The VY superpotential reproduces explicitly all the 
quantum anomalies of SUSY gluodynamics. However, it does not respect the discrete 


Z 2 Nc symmetry |T^ which is left once the chiral U(1 )r invariance is broken by the 
axial anomaly. 

In order to restore Z 2 Nc invariance the VY superpotential was amended by an 
additional term |^. The resulting expression is Z 2 Nc symmetric. However, the cor¬ 


responding scalar potential possesses cusp singularities [12|. These cusps are encoun¬ 


tered in the field space as one interpolates between the Nc vacua [|I^ . For that reason 
the amended VY superpotential can not be used to describe the domain walls sepa¬ 
rating chirally asymmetric vacua |^. Moreover, considering SUSY YM with some 
heavy matter multiplets added (i.e. SUSY QCD with heavy flavors) and gradually 
integrating out those heavy states, one shows that the domain walls of the chirally 
asymmetric vacua cannot be found within the VY framework |T^|^ 

On the other hand, recent studies of the model which shares in the large Nc 
limit some important features of SYM manifestly demonstrated the existence of BPS 


domain walls with the properties required in the brane construction [16 


Putting the whole set of arguments together one naturally concludes that it must 
be the VY framework which does not account adequately for all properties of the 
complicated ground state. 

There is yet another reason to believe that the VY superpotential is not complete. 
In Refs. 1^, it was shown that in order to account for all the lowest-spin excita¬ 
tions of the model, one necessarily needs to introduce an additional chiral superfield 


in the VY description [18 


The aim of this work is to use this additional chiral superheld to hnd an expression 
for the superpotential which would respect the Z 2 Nc invariance. The superpotential 
should lead as well to the scalar potential with no cusps. Moreover, in some ap¬ 
proximation the superpotential should reduce to the known expression of Ref. |T^ 


Finally, once restricted to some particular vacuum state it should yield the superpo- 


§ This assertion is valid modulo some assumptions on the vacuum structure and form of the 
Kahler potential, see discussions in Ref. M. 
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tential derived recently in Refs. []^, ||T8[ . 

In the next section we show that such a superpotential can really be found. 


1. The Discrete Symmetry and VY Superpotential 

The classical action of = 1 SYM theory is invariant under chiral, scale and 
superconformal transformations. Once quantum effects are taken into account, these 
symmetries are broken by the chiral, scale and superconformal anomalies respectively. 
Composite operators that appear in the expressions for the anomalies can be gathered 
into a composite chiral supermultiplet TrlV^lVa (we use the notations of 
The effective action of the model can be a functional of the superheld S 

S ^ ^(TrW^W^)^ ^ A{y) + V2e^{y) + e^F{y), 


where the VEV is dehned for nonzero value of an external (super)source Q [^. I3{g) 
stands for the SYM beta function which is known exactly [Q . The lowest component 
of the S superheld A is bilinear in gluino helds and has the quantum numbers of the 
scalar and pseudoscalar gluino-gluino bound states. The fermionic component in S is 
related to the gluino-gluon composite and the F component of the chiral superheld 
includes operators corresponding to both the scalar and pseudoscalar glueballs 
and respectively) | 1 TT| . 

Assuming that the ehective action (more precisely, the generating functional for 
one-particle-irreducible (IPI) Green’s functions [^) of the model can be written in 
terms of the single superheld S', and requiring also that the ehective action respects all 
the global continuous symmetries and reproduces the anomalies of the SYM theory, 
one derives the Veneziano-Yankielowicz ehective superpotential [pd] 


kVvY(S') = 7 S In 


A 


( 1 ) 


where 7 = —{Ncg/lQn'^P^g)) > 0 , /i stands for the dimensionally transmuted scale of 
the model and e ~ 2.71. 


It was noticed in ref. [12| that the VY action does not respect the discrete 
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symmetry - the nonanomalous remnant of anomalons transformations^. In 

order to make the action invariant nnder transformations the VY snperpotential 
was amended in Ref. |l^ by the following term 

27m 


AW = i'y 


Nr. 


S, 


( 2 ) 


where n enters in the action as an integer-valned Lagrange mnltiplier. The partition 
fnnction of the theory shonld be regarded as a snm of path integrals where n runs 
from —oc to +cx) PI- 

Thus, after the term is included the action becomes invariant [0. The 
ground state of the model consists of at least Nf. different vacua labeled by different 
values of the phase of the gluino condensate. The resulting scalar potential which 
respects the discrete symmetry can be written as 0.111 


where 


U{(p) oc (kl*kl)2/3hi(^e*2WAf=)ln(4e-*2WAf=), 


(2n-l)7r (2n + l)7r 

^ ^ < arg(2l) < ^ ’ 


( 3 ) 


Nr 


Nr 


Thus, the complex plane of arg(y4) is divided into N^. sectors. The potential is con¬ 
tinuous in the plane, however it has cusps at arg(74) = (2?7, -|- l)7r/iVc [|T^ . 

If one is restricting the snperpotential to one particular vacuum state with some 
dehnite value of the phase of the gluino condensate, then the expression should ac¬ 


count for all possible low-energy degrees of freedom of the theory. In Refs. |^, [|I| 


it was argued that the VY Lagrangian should be modihed further in order to include 
all the lowest-spin low-energy degrees of freedom of the N = 1 SUSY YM model. In 
fact, it was shown that to account for glueballs the effective snperpotential should 
be dehned in terms of two chiral supermultiplets ||^. The supermultiplet S in that 
construction includes helds with quantum numbers of gluino-gluino “mesons” (along 
with the fermionic gluino-gluon state) while another chiral supermultiplet is needed 


Whe actual discrete symmetry group of fermion field transformations is Z2Nc- Since all the 
quantities below will be written in terms of fermion bilinears the symmetry reduces to 
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to incorporate glueball states 


|T8| 


W = >V(5)yY + Wi(S', Another Chiral Superheld). 


(4) 


Thus, the second chiral superheld is needed to describe glueballs as excitations over 
one particular vacuum state |^. In this respect, it would be nice to have that 
same superheld also restoring the discrete symmetry which is lost in the VY 
superpotential. 

If this possibility is really realized, then the integer-valued Lagrange multiplier 
term should be occuring once the new chiral superheld in is integrated out. 
Some examples of this type were discussed in Ref. . 

Hence, our goal is to hnd out an expression for the superpotential W as a function 
of two chiral superhelds S and let us say X which would satisfy to the following 
requirements: 


The superpotential should be a homomorphic function of arguments; 


The superpotential should reproduce all the anomalies of the model, i.e. it 
should contain the VY superpotential as an ingredient |]TI| ; 


It should be invariant under the discrete Zjq transformations [12 


The scalar potential should have at least minima with broken chiral invari¬ 
ance; 

If the superheld X is integrated out, the superpotential should yield the expres¬ 
sion (H) amended by the term (j^); 

If the superpotential is restricted to one particular minimum with broken chiral 
symmetry, it should reproduce the generalized Veneziano-Yankielowicz super¬ 
potential derived in Refs. Q. H- 


We would like to argue that such a superpotential exists. The general form of the 
superpotential will be given in the next section. Here, we consider a simple expression. 
It can be obtained as a part of the general solution and should be regarded as a toy 
example used to elucidate the construction. 
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One defines 


W(^, X) = 7 ^ In^ + ^ ^ (x - ^ sinh(X,X)), 

C/1 i Vc 


( 5 ) 


where the hrst term is nothing bnt the VY snperpotential (0)- The second term is 
supposed to restore the discrete invariance of the VY snperpotential. Notice that 
Y is a dimensionless chiral superheld with zero R charge. 

Let us now check whether the expression (0) really satishes to all the requirements 
listed above. First of all, the expression yields all the anomalies of the model; 
indeed, the hrst term in is just the VY snperpotential which is designed to re¬ 


produce correctly the anomalies |]^. The second term does not contribute to the 
anomalies. 

Consider the discrete Znc transformations. The chiral superheld S transforms as 
S'^ expS', /c = 0,1,..., Yc - 1. 

As a result of this transformation the hrst term in the expression and its conjugate 
generate an additional term in the Lagrangian. This term has the form 

.27rk 




7 (S|^-S+|^+). 


This expression can be eliminated by the following shift of the X superheld 

27rk 


X 


Y. 


( 6 ) 


However, there is a restricted class of possible shifts which one is allowed to perform 
in the partition function of the model. The shifted helds, which along with the initial 
helds are being considered as physical ones, should also satisfy appropriate boundary 
conditions. In other words, the shifts we are discussing should be transforming the 
X held from one vacuum state to another. Anticipating the results of our discussions 
below, the vacuum values of the X held are just going to be multiples of i27r/Yc, thus 
the shifts (||) do satisfy to the requirements set above. Hence, the snperpotential (0) 
really respects the discrete Zjsf^ invariance^. 

tOne should also make sure that the Kahler potential of the model is invariant w.r.t. the shifts 
(||). See the discussion of the Kahler potential in Section 3. 
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Let us now check what happens if one naively integrates out the X held from the 
expression (though, there is no physical reason to do that). The equation for X 
minimizing the scalar potential is given as| 


X) 


7 ^ (l - cosh(iV,X)) = 0. 


Solving the equation for X (at nonzero S ) one hnds 

27m 


X* = i- 




n = 0, ±1, ±2,.... ± oo. 


Substituting this identity back into the superpotential (^ we derive 

S* ^7TT) 


( 7 ) 


This expression is nothing but the VY superpotential (|^) amended by the term (j^) of 
Ref. [0. Thus, the term (H) is obtained if the X held is being integrated out. Later 
we will argue that the components of X are related to glueballs. This excitations turn 
out to be lighter than the excitations described by the S superheld [|^ , |T^ , so there 
is no physical reason to regard the components of the X held as being integrated out. 
Thus, one should keep the X held in the superpotential as a necessary ingredient. 

The next step is to check whether the expression (j^) produces the scalar potential 
with an appropriate structure. Let us introduce the following notations 


$ = y = X $. 


Also, let us denote the components of the superhelds <h, X and Y as (/>, (j)x and 
respectively^. The superhelds <h and Y have right physical dimensionality. The scalar 
potential V can be written as a sum of two terms 

i/(0,0,) = i/i(0,0,) + y2(0,0,), 

Tn deriving the scalar potential one should actually switch to chiral superhelds with an appro¬ 
priate dimensionality and Y = and calculate minima w.r.t. those superhelds (in this 

particular case the answer is the same, see below). 

^The change of variables from S' to $ is nonsingular in our case since we are dealing only with 

the phase of the theory where the VEV of the lowest component of S is nonzero. 
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where 


Vi{(j),(py) oc 


a>V(0, (j)y) 


d(j) 


9Y 


In— + 

/i3 


N, 


■sinh(iVc0a:) - ^[1 - COsh(A^c0a:)] 


( 8 ) 


^2(0, oc 


aw((/>, 0 ^) 2 

dcl)y 



cosh.{Nc(l)x) 


(9) 


In these equations the substitution (f)y = cfy^cf) is used []. 

After the potential is set one can list all the vacuum states of the model. All those 
conhgurations should satisfy to the equations Vi = V 2 = 0. As one expects, there are 
Nc different vacua with broken chiral symmetry: 


101 = /i, Re0j; = 0, Im0a, 


—3arg0 


27rk 


k 




These vacua differ from each other by the value of the phase of the gluino condensate 


(AA)fc oc 





( 10 ) 


Interpolating from one vacuum state to an another one no cusp singularities are 
encountered in (8) and (9). The presence of the chiral held X smoothes out cusp 
singularities emerging in the case when X is being integrated outj|. 

The next question we would like to elucidate is the physical interpretation of 
the new chiral superheld. The S superheld is related to the operator TrlT^. The 
lowest component of S can be thought of as an interpolating held for a gluino-gluino 
bound state. The question is whether one can hnd analogous identihcations for the 
components of the new chiral superheld. In order to clarify this question let us 

^In the expressions (8) and (9) the exact proportionality coefficients are set by the inverse metric 

defined as the second derivative of the Kahler potential (see Ref. [po| ). 

II One also finds that there is a vacuum state with the zero value of |0|. The existence of 

the vacuum state with no gluino condensate was conjectured in Ref. fl^ . The question whether 
this phase of the model can actually be realized in the fundamental theory is a subject of recent 
discussions [|4), ||^, [Q. In this work we concentrate on the vacua with the nonzero gluino 
condensate only. 
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recall some results of Ref. In Ref. an effective action describing physical 

excitations of the SUSY YM model in one of the vacua was constructed. The 
superpotential of Ref. is also written in terms of two chiral superhelds, S and 
some chiral superheld x- The hrst superheld was shown to describe gluino-gluino 
and gluon-gluino bound states, while the second one was needed to include pure 
gluonic, glueball states into the description. We shall argue below that the superheld 
X in d^) is also related to glueballs and is just a necessary ingredient of the effective 
superpotential (H). In other words, we are going to show here that the superpotential 
(|^) reproduces the expression of Ref. []^ in the limit when one is restricted to some 
particular chirally asymmetric vacuum. To accomplish this task let us introduce the 
following notation: 


X = 167(x - ^sinh(YcY)). 


( 11 ) 


The X held is a dimensionless chiral superheld and so is x- One rewrites the second 
term in the superpotential in the following form: 


A^c-l 


— = y x(s-{s)k), 

16 ^ 16W ^ ^ V \ /fe T 


( 12 ) 


'c A:=0 


where 


{S)k = /U^exp^i 


.2vr/cN 


■j- 


Using these identities the superpotential 
useful form 


can be presented in yet another very 


W(^,x(X))=7^1n 


e/i 


, yy) 

3 16W 


Vc-l 


E {S-{S),). 


(13) 


k=0 


The expression (0 makes it transparent that the superpotential we are discussing 
can be obtained as a sum of superpotentials dehned for each particular Nc vacuum 
state. Each of this vacua are labeled by the VEV of the gluino condensate with an 
appropriate phase. The initial Z 2 Nc symmetry is spontaneously broken down to Z 2 
in each of these vacuum states. It is straightforward to determine how the expression 


(IR) looks like when one restricts consideration to some particular vacuum state only. 
In that case one assumes that the VEV of the S held takes a single value, let us say 
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for simplicity {S)k = /i^- Then the expression (p!^ reduces to the following formula 


^ (s - (S), ) - x{X) ( s - p), 

Substituting this expression back into Eq. ([T3|) one derives the following superpoten¬ 
tial 


W(S,,\(A')) = 7 S In^ + ^ 

e/x'^ lo ^ ^ 


(14) 


This is exactly the superpotential obtained in Ref. It describes the vacuum state 
of the model with broken chiral invariance where the phase of the gluino condensate 
equals to zero. The initial symmetry in this vacuum is broken down to Z 2 . 

Let us now return to our original question about the physical interpretation of 
the components of the X held. The components of the X held are related to the 
components of x (Eq- (P^)- On the other hand, the y held is related to glueball 
excitations of the N = 1 SUSY YM model |^. Thus, the components of the X held 
should also be related to the VEV’s of the and composite operators ||. 

Thus, if one is restricted to study physics about some particular vacuum state of 
the model, then the information about the whole Zn, structure is lost. As a result, 
the X held can be introduced in accordance with Eq. (^), and all the physical 
excitations about that ground state can be described in terms of components of the 
<h and X multipletsf^. 

In our discussions we could have started from the generalized VY superpotential 

(and (H)). Indeed, 


of Ref. and derived the symmetric superpotential 
the superpotential (|^ describes physics of only one particular ground state with a 


II The explicit derivation is cumbersome and can be done using some relations between % and 
the tensor supermultiplet used in Refs, |^. For the completeness of discussions we present 
here simple approximation results of Refs. |^, |^. For the lowest component dx d^Re^x — 
d^Imbx — where the VEV’s are functions of some external 

fields s and p. Thus, the real part of bears quantum numbers of a scalar pure gluonic state, 

while the imaginary part is associated with the pseudoscalar 0 ^ glueball state Q, Q. 

^The statement that the components of the x multiplet are related to glueballs assumes that the 

corresponding Kahler potential is a function of the sum x + i see the detailed discussions below. 
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definite value of the phase of the gluino condensate If one would need to gen¬ 
eralize that expression to include all the possible vacua, one should have summed 
the expression (|l4|) w.r.t. the phase labeling all the vacua. The result of this sum¬ 
mation is given in Eq. the whole sum reduces to the quantity y S'/lb. Thus, 

one would have arrived at the superpotential written in terms of the $ and x 
helds (without any knowledge about the X superheld). Obviously, the question is 
how would one discover in this approach that there is a substructure relating the y 
held to the X held (as in Eq. (Q) ? The structure O would emerge as a result 
of the Z]sf^ symmetry and also supersymmetry itself. Indeed, if the superpotential 


([T^) is written in terms of the $ and y helds alone, and if the y held is regarded 
as some fundamental held, then, one can check it explicitly that the resulting scalar 
potential would not produce a supersymmetric minimum with a nonzero value of the 
gluino condensate. Neither would it yield the correct invariance. Thus, in order 
to overcome these difficulties, one would postulate the relation analogous to (0) and 
declare X as the held with respect to which the variation of the superpotential should 
be taken[]. Thus, one concludes that the relation ([TI|) is a result of two symmetries: 
and supersymmetry. 

Before we turn to the next section it is crucial to present yet another form of the 
superpotential (|^). One can rewrite it as 

5 


where the chiral superheld M{X) is dehned in terms of X 
M{X) = /i3exp( - X + ^sinh(iVcX)). 


(16) 


(16) 


The superpotential (hSD has the VY form. Since the X held is a dimensionless held 
with zero R charge, the expression (P!5|) is consistent with all the requirements of the 
VY construction |^. The only diherence is that the scale parameter of the theory 
/i is promoted into some chiral superheld M. The relation between M and /i is such 
that the X held can be regarded as a dynamical held setting the value of the phase 
t Modulo the fact that both y and X are dimensionless fields and while deriving scalar potentials 
one should always be working in terms of rescaled fields with an appropriate dimensionality. 
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of the gluino condensate. This is reminiscent to the case when the VEV of some 
dynamical held of a bigger theory can be regarded as a parameter in some effective 
theory approximation. 


2. The General Solution 


In this section we derive the general expression for the superpotential which sat- 
ishes to the properties listed in the previous section. Our ultimate goal would be to 
set an expression in the form (^), where the dependence of M on X would be given 
by a general function compatible with the conditions of the problem. 

Thus, we are looking for a superpotential in the following form 


>V( 5 ,X) =75 In^ +75 X(X) 

e/i'^ 


This expression can be written as S times some natural logarithm ( as in ([15|) ). The 
S superheld has R charge equal to 2 and the mass dimension equal to 3. Thus, the 
X held is a dimensionless held with zero R charge. 

One requires that the superpotential is invariant under the discrete ^Nc transfor¬ 
mations. Under these transformations the VY part of the superpotential produces 
the term discussed in the previous section. The function R{X) should be chosen in 
such a way that it would allow one to eliminate that term; i.e. there should exist a 
shift of the variable with the following property 

.27rk 


T{X + shift) = T{X) + i- 


Nr, 


k = 0, 


On the other hand, it should be possible to perform discrete shifts only; indeed, 
under any continuous transformation the superpotential will be producing the 

anomaly expression, this expression can not be eliminated. In other words, it should 
be allowed to “undo” the discrete transformations of S by shifting X, however, the 
continuous transformations of S should not be possible to be eliminated. As we 
discussed it in the previous section not all of the shifts of variables are allowed. 
Shifted helds should satisfy appropriate boundary conditions. Thus, as before, the 
shifts are to be transforming values of the X held from one vacuum state to another. 
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We will make sure that this is the case here. Thus, the shifts we are looking for are 
of the form 


T{X + a-k)= X{X) + i 


27ik 

1^'' 


k = 0, 


( 17 ) 


where a is some nonzero complex number. 

The next constraint we are going to impose on the function X{X) is the following. 
One requires that there are W different minima of the potential. Thus, the equation 

dX{X) 


dX 


Xk 


= 0 , 


( 18 ) 


should have W different solutions for X^. The shifts in (|I7|) are supposed to transform 
these solutions into one another. 

Once the X held is integrated out, the resulting additional term in the superpo¬ 
tential have to coincide with the term (0) introduce in Ref. [|T^. Thus, we get one 
more condition on the function JF: 

Stt/ij 

XiXk)=i^, k = 0, (19) 

The solution of Eq. (pTl) is a sum of its particular solution and a general solution 
of the corresponding homogeneous equation^] (let us denote it as Q{X)): 

HX)=^^^X + ^(X). (20) 

In terms of the function G{X) the expressions dn-n can be rewritten as 


g{x + a-k) = g{x), 


( 21 ) 


dg{x) _ ^ 271 

dX W “ VeO’ 


( 22 ) 


— —iji—Xk + (23) 

Nett Nc 

The solution to (PT| ) is a superposition of exponential functions which we choose to 
normalize as follows 





+CXD 

E 


n=—oo 




t^This statement is valid for infinitely differentiable analytic functions. 


( 24 ) 
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Substituting Eq. (pi]) into Eqs. (^) and one derives respectively 


+ CXD 


^ n c„exp(m—Xfc) 


= 1 , 


( 25 ) 


+ 00 


'Y' c„expfm—Xfc) = i—Xk — i2nk. 

V (7, / a 


.271 

a 


(26) 


Analyzing Eqs. (0). (0-® it is convenient to introduce the following rescaling of 
the X held 

i^X X. 

Nett 

Under the shifts discussed above the new variable X transforms as 


X^X + i^k, k = 0,l,....N^-l. 

In terms of this variable the expression for the function X{X) looks as 


(27) 


r{x) = x + g(x), 


(28) 


and the expressions - 1^) take the form 


1 +00 

g(X) =-— ^ c„exp(^nXcX), 


c n=—oo 


(29) 


+ 00 


n c„exp(nNcXf)'j = 1 , 


(30) 


+ 00 

Cnex])(nNcXk^ = NcXk - i27ik. (31) 

n=—oo 

Let us now consider Eq. ([30|). This equation should have N^. different solutions for X^ 
describing the vacua. It is convenient to introduce the notation: v = exp^X^X^^. 
In terms of v Eq. (|30|) could generically have an arbitrary big number of solutions. On 
the other hand, for each nonzero solution in terms of v there are Xc different solutions 
in terms of X; indeed, if the expression v = |u|exp(zargu) is a solution for u, then 
using the relation v = exp(XcXfc), one hnds Nf. different solutions for the imaginary 
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part of Xk- Thus, in order to have only Nc different solutions of Eq. 


in terms 


of X, the algebraic Eq. ([30|) should have a single nonzero, multiply degenerate root 
for V. Let us denote this root as v = aexp(ip), with a and p being some constants. 
Then, for the solutions X^ one gets: 

271 . 


ImXu = 


P 


k — — H“ 

^ /vr ' V 

c ’C 


k, exp(A^"cReXfc) = a. 


One can check now that the shifts (|]) really transform values of X from one vacuum 
state to some another one. For simplicity of arguments, in what follows, it is conve¬ 
nient to choose a = 1 and p = 0. This corresponds to some shifts of the X complex 
coordinate system. In that case one derives the following relations 


277 


77k ^ ^ n c„ ^ 1, ^ Cn ^ 0. 


(32) 


The particular solution of the previous section corresponds to the case when ci = 1/2, 
c_i = —1/2 and all other c’s are set to be equal to zero. 

Summarizing, we can write down a general form of the superpotential as 

5 


W{S,M{X)) = 7 ^ In 


where the held M is given by the relation 


eM{Xy 


(33) 


M(X)= T(X)). 


The function X{X) is dehned in accordance with Eqs. 
for the vacua in terms of the rescaled variable are given in Eq. 


(34) 

and the solutions 


3. A Brief Comment on the Kahler Potential 


So far we did not discuss what kind of Kahler potential /C(S'+S', X+, X) is supposed 
to be used in the effective action for N = 1 SUSY YM model |^. There are no 
symmetry or anomaly arguments which would uniquely hx the form of 1C. However, 
^Terms with derivatives of the superfields in the Kahler potential might lead to an unbounded 
from below potential in this case |2^ . For that reason we consider /C as a function of the superfields 
only with no derivatives. 
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there is some piece of information one could still learn about the Kahler potential. 
We would like to elaborate on this point here. 

In order to make the Kahler potential invariant under the shifts (P) one requires 
that IC{S~^S, X) is actually a function of the sum of and X, ]C{S~^S, X+, X) = 
}C{S~^S, X~^ + X). However, this is not the only form of the expression which is 
invariant w.r.t. the shift (|^). For instance, the Kahler potential could also be a 
function of the sum of JF = X + G{X) and its conjugate X^{X^). The sum X + X^ 
does not change upon the shifts (^) and the function Q itself is invariant under those 
transformations. Thus, one could write as a possibility 

/C(^+F, X+,X) =/C(F+^, X(X) + X+(X+)). 


We would like to argue here that this type of dependence of the Kahler potential is 
in fact what is dictated by the physical particle content of the low-energy spectrum 
of the theory [j^ , [T^ . 


First let us show that the same combination X(X) -I- X^{X^) appears in the 
expression for the superpotential we derived in the previous sections. The part of the 
superpotential containing the chiral superfield X(X) is written as 'ySX{X). This can 
be presented in the following manner 


^ £ r(x) (s - (s), 


Nc-l 


X 


C k=0 


(35) 


Then one introduces a real superheld Uk p6 


q2 q 2 Orr^f) 

Ut = B + ,ex - iSx + Ye - {S)l) + - (S)*) + + 

Ig^ (^^4, + a>‘d,xj + + \(I^P (jE - a^B 

which is related to the superheld S 

S - (s>t = -4D^-Ut. 


(36) 


(37) 


The F term of the chiral supermultiplet S is related to the helds S and in the 
following wayfl 

Tn this notation S is proportional to and e^vai3d^C''°‘^ is proportional to [T^ . 
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and A and d' are respectively the scalar and fermion components of the superheld S. 

One snbstitntes the expression for S in terms of Uk into Eq. (^). Then one 
replaces the operator by the integration w.r.t. the 6 variable. Finally, putting the 
resulting expression together with its hermitian conjugate part one derives 


^ ■£ nx) ( S - {S ),) + ILC. = -jl (nx) + r*{x*)) Y. u, 

A:=0 k=0 


D 


Thus, all the terms in the Lagrangian of the model containing the chiral superheld 
T{X) depend actually on the real combination J^{X) + J^^[X^). This combination 
can be integrated out using equations of motion |^, [Q. The equation of motion 
for the real superheld JT(X) + JF+(X+) leads to the following relation 


I 67 


Vc-l 




dlC{S+S, Z) 


dZ 


Z=T{X) + 


(38) 


Thus, the whole Lagrangian can in principle be presented in terms of the degrees 
of freedom of the real tensor supermultiplet Uk- Indeed, Eq. (^) sets how the 
components of S are related to some components of Uk, and likewise, Eq. (|3^) 
gives the relation between the components of the chiral superheld T (or X) and the 
components of the superheld Uk- This is in agreement with the statement of Ref. 


171 where it was shown that all the lowest-spin physical degrees of freedom of SUSY 
gluodynamics can be described by one real tensor supermultiplet U = {J2k5}^ Uk)/Nc. 
One should notice that once the JF held, being appropriately rescaled, is considered 
as an independent fundamental held of the Lagrangian for which Eq. (|38|) is to be 
solved, the whole information on the vacuum structure is lost and one is simply 
dealing with some particular ground state. It is the dehnition of T in terms of X 
that makes the structure feasible and Eq. (^) should actually be solved for the 
X held being appropriately rescaled. In other words, the information about the 
structure in this case is encoded in the relations between Uk and S and Uk and X. 

We conclude that the form of the Kahler potential which is dictated by the particle 
content of the model in some particular vacuum state is consistent with the 

symmetry requirements we have used to derive the ehective superpotential in the 
previous sections. 
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Discussions 


We derived the effective superpotential for SUSY gluodynamics which correctly 
reproduces the known properties of the complicated ground state structure of the 
model. The corresponding scalar potential is a smooth function of arguments and 
yields W different vacua with the broken chiral invariance. The discrete Znc trans¬ 
formations shift one vacuum state into another one. The superpotential is given in 
terms of two chiral superfields. Once one superfield is integrated out, the superpoten¬ 
tial reduces to the expression given in Ref. [|T^]. On the other hand, if one is restricted 
to study the excitations about some particular vacuum state with the nonzero gluino 
condensate only, then the superpotential reduces to the known expression of Ref. 0. 
This last adequately describes all the lowest-spin degrees of freedom of the model |T^ . 
The superpotential (|^) can formally be brought to the original VY logarithmic form 
(see Eqs. (|^ and (|33|)). In this case one could think of the VY superpotential where 
the scale parameter of the model /i is promoted into some dynamical chiral superfield. 
The VEV of the phase of that superfield would set the value of the phase of the gluino 
condensate. This superfield, as we have shown, is related to pure gluonic operators. 
Finally, as we mentioned before, the superpotential can be used to study the domain 
walls separating the chirally asymmetric vacua of the theory. The results of those 
studies will be reported elsewhere. 
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